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On Buekenhout-Metz Unitals of Even Order 
G. L. EBERTt 
The even order Buekenhout-Metz unitals are enumerated (up to projective equivalence) 
and their inherited collineation groups are computed. They are shown to be self-dual as 
designs, and certain related designs are also constructed. 
1. INTRODUCTION 
In [3] the odd order Buekenhout-Metz unitals were studied in detail. Many of the 
computations made in that paper seemed to require that the underlying field be of odd 
characteristic. However, if one replaces the notion of a square/non-square lement by 
that of a category one/zero element, analogous techniques to those used in [3] show 
that most of the results remain true in the even characteristic case. One noticeable 
difference is that it is no longer possible to construct a Buekenhout-Metz unital by 
taking a partial pencil of tonics (or ovals) in a square order desarguesian plane. 
2. PRELIMINARY RESULTS 
A unital is any 2 - (n” + 1, n + 1, 1) design. Although, in general, unitals appear to 
be rather difficult to construct, it is well known that unitals are found embedded in any 
square order desarguesian projective plane: the classical or hermitian unitals are those 
designs obtained by taking the absolute points and non-absolute lines of any hermitian 
polarity of PG(2, q*). In addition, unitals which do not embed in any projective plane 
have been constructed (see [5,13]), as have unitals which embed in more than one 
projective plane (see [5,8]). In [16] every Hughes plane is shown to contain a unital. 
While it is still unknown which projective planes contain unitals, Buekenhout [7] 
showed that every two-dimensional (projective) translation plane contains at least one 
‘parabolic’ unital. Here parabolic means that the line at infinity meets the unital in 
exactly one point. In [14] Metz showed how to use Buekenhout’s method to construct a 
non-classical parabolic unital in the desarguesian plane PG(2, q*) for any prime power 
q > 2. We shall call these unitals BM-unit& for short. By convention, we also consider 
the classical unital to be a BM-unital, since it also can be obtained using these 
methods. 
To summarize the Buekenhout-Metz construction briefly, we first use the method of 
Andre [2] or Bose [6] to represent Ed = PG(2, 4’): that is, we take a regular spread S of 
H = PG(3, q), where H is viewed as a hyperplane of _Z = PG(4, q). Then the affine 
points of n are the points of X\H, the points at infinity of n are the lines of S, and the 
affine lines of n are the planes of Z\H which meet H in a line of S. We let 
(x,, x2, y,, y?, z) denote homogeneous co-ordinates for 2, where z = 0 is the hyper- 
plane H at infinity. Now choose a 3-dimensional elliptic quadric 0 which meets H in a 
single point P. Finally, form the cone from Q to 0, where Q is any point other than P 
which lies on the unique spread line of S containing P. This cone corresponds to a 
5 This work was done while the author was on sabbatical leave at the Department of Algebra. 
Combinatorics and Analysis, Auburn University. 
109 
0195~6698/92/020109 + 09 $02.00/O @J 1992 Academic Press Limited 
110 G. L. Ebert 
unital of JK In [lo] it is shown that every BM-unital is equivalent to one the point set of 
which consists of the spread line ((0, 0, 1, 0, 0), (0, 0, 0, 1,O)) and the affine points of 
the ovoidal cone f(~i, x2) + y,z = 0, where f is some irreducible quadratic form. Here 
y, = 0 is the 3- space containing the elliptic quadric, and (0, 0, 1, 0.0) is the vertex of 
the cone. 
Throughout this paper q = 2” 24 will denote an even prime power, GF(q)* will 
denote the non-zero elements of the finite field GF(q) of order q, and tr: GF(q)-+ 
GF(2) via x+x+x~+x~+~.~+_? will denote the trace function of GF(q) over 
GF(2). Let %r = {x E GF(q) : tr(x) = l} and YCe,, = {x E GF(q) : @T(X) = 0} be the usual 
category one and category zero elements of GF(q), respectively. Of course, GF(q’) 
will denote the quadratic field extension of GF(q). See [12] for a good reference on 
finite fields. Let o(G) denote the order of a group G, and let (S( denote the cardinality 
of a set S. 
LEMMA 1. Assume q 3 4 is an even prime power. Then there exists an element 
6 E GF(q2)\GF(q) suchthat6q=1+6and62=il+6forsomeAE%, withL#l. 
PROOF. It is well known (see [9, p. 161) that there are q solutions of x4 +x + 1 = 0 
in GF(q2). Since q 2 4, we may choose such a solution 6 with o(6) # 3. Then 
6q= 1+6 and 6$GF(q). M oreover, 6’ + 6 = ( a9 + 1)’ + ( aq + 1) = ( a2 + ~‘5)~ and 
thus a2 + 6 = A E GF(q). Since 6 is thus a solution of A? +x -I- A = 0 and 6 4 GF(q), we 
know that x2 +x + A is irreducible over GF(q) and hence A E %, (see [9, p. 31). Finally, 
if )3 = 1, then a2 = a9 and hence o(6) = 3, contradicting our choice of 6. Thus A# 1.0 
We now take { 1, S} as an ordered basis for GF(q2) over GF(q), and co-ordinatize 
the BM-unitals directly in PG(2, q2), as was done in [3]: that is, for any a, b E GF(q’), 
let 
U,, = {(O, l,O)] u {( x ax2 + bxy” + r, 1): x E GF(q2) , and r E GF(q)}, 
where points of JG are represented by right normalized vectors. Thus (x, y, 1) E r/,, iff 
ax2 + bxq+’ + y = aqX2q + bqxq" + yq, which in turn is equivalent to 
(a2 + b2)x: + b2x1x2 + (a, + a, + azil + b,k)x: + y2z = 0, 
where we have expanded a, b, x and y in terms of the basis { 1, 6) as a = al + a,6, 
b = b, + b26, and so on. Letting f (x1, x2) = (a2 + b,)x: + b2x,x2 + (a1 + a, + a& + b&)x; 
we see from our previous discussion that U,, is a BM-unital iff f is an irreducible 
quadratic form. In particular, if CJoh is to be a BM-unital, then we must have b, + 0 and 
hence b $ GF(q). 
LEMMA 2. For a E GF(q’) and b E GF(q2)\GF(q), U,, as defined above is a 
BM-unital iff a q+l/(bq + b)2 E +I$. 
PROOF. U,, is a BM-unital -f is irreducible 






I = b:: 1 
*tr a:+a,a2+(a:+b~)A- [ 1 1 . al +a2 a, +a2 ’ = b: S’nce 6, + ( ) b, E %e,, 
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using Lemma I 
++aq+‘/(bq + b)2 E ‘%‘(,. u 
It is easy to see that, given any irreducible binary quadratic form f, we can find some 
a, b E GF(q2) with b $ GF(q) and uq+‘/(b4 + b)* E %‘(, such that the ‘equation’ of the 
corresponding U,, is J-(X,, x2) + y2z = 0. Hence, we have the following result. 
THEOREM 0. Every BM-unital of even order can be expressed as U=,, for some a, 
b E GF(q2) with b $ GF(q) and aq+‘/(bY + b)’ E %‘,,. Conversely, every such IY,~,, is a 
BM-unital. 
It should be remarked that, in the above theorem, Uui,, is classical iff a = 0 (see 
[lo, p. 901). For the remainder of this paper, d will always denote the expression 
aq+‘/(bq + b)2, which we think of as a type of ‘discriminant’ for r/,,,. 
3. COLLINEATION GROUPS 
Following the approach taken in [3], we compute the collineation group of U,,, 
inherited from PTL(3, q2), where as always we assume that d E Y,,. Let I/J E PJ’L(3, q*) 
be any collineation leaving U,, invariant, where we represent v by a field automorph- 
ism u followed by a normalized matrix M. Assuming first that II, fixes P, = (0, 1, 0) of 
Uuh, we see, just as we did in [3], that M looks like 
e g 0 
[ 1 0 f 0 , h i 1 
where f E G&‘(q)*; e E GF(q’)*; g, h, i E GF(q’), E = byehqxO+ beYh(x”)Y E GF(q) 
and D = ah2 + bhq+’ + i E GF(q). Moreover, letting C = (6” + b)eh” + g, B = be“+’ + 
fb”andA=ae2+fa”, we have 
(*) A(x”)2 + By+’ + CX~E GF(q) 
whenever (x, y, 1) E U,, (see [3]), Define the ‘norm’ of a point (x, y, 1) to be 
11(x, y, 1)11 = ux2 + bxq+’ + y, so that (x, y, 1) E cl,, iff Ilk y, I)11 E GF(q). 
We now specialize (*) to points of ‘norm’ zero with X” = 1, 6, P, E, and i25. This 
generates the following conditions: 
(i) A + B + C E GF(q); 
(ii) A6* + B6 q+’ + C6 E GF(q); 
(iii) Ac?~~ + B6 q+’ + Cay E GF(q); 
ii’,’ ii4,i Bil” ‘, CA E GF(q); 
V + Bh aq+l + CA6 E GF(q). 
Using 6* = A + 6, a4 = 1-t 6 and hq+’ = dy6 = A # 0, we obtain 
from (i) and (iv): C(l + A) E GF(q) 
from (ii) and (iii): A + C E GF(q). 
Since 1 + A E GF(q)*, we must have C E GF(q) and hence A, B E GF(q). In fact. from 
(ii) we have (A + C)6 E GF(q) and hence A = C. Then from (v) we have (AA + C)6 E 
GF(q) and hence AA = C. This forces C = A = 0 as A # 1. 
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We have now shown that for w = (a, M) to fix P, and leave U,, invariant, It is 
necessary that A = 0 = C, B, D, E E GF(q), f E GF(q)* and e E GF(q’)*. Conversely, 
if e, f, g, h, i E GF(q’) and u E Aut(GF(q’)) are chosen so that these conditions are 
satisfied, then it is easy to see that I@ = (a, M) fixes P, and leaves U,,, invariant. 
THEOREM 1. Let U,, denote any even order BM-unital. Let L denote GF(2) or the 
smallest subfield of GF(q’) containing d = aq+‘/(by + b)‘, accordingly as a = 0 or a # 0. 
Let G be the subgroup of PFL(3, q2) 1 eaving UO,, invariant and fixing P,. Then 
o(G) = 
mq”(q’ - 1) ifa=O, 
mq”(q - 1) if a#O, 
where m = dim, GF(q*). 
PROOF. For a = 0 (the classical case) the result follows as in [3]. Assume that a # 0. 
As shown in [3], there are q3 elements of G for each choice of the ordered triple 
(a, e, f). Choosing u, e and f is equivalent to solving 
(#I 
fa f b” + b -=- 
e2 a”’ -= eq+’ (b4 -t b)” 
for e E GF(q*)*, f E GF(q)* and u E Aut(GF(q’)). Observing that f /eq+’ = 
(f /e*)h7+W*, we see that (#) implies [ap(q+‘)‘2]/[bq + b] is in the fixed field of u and 
hence so is d. As L is the smallest subfield of GF(q) containing d, elementary Galois 
theory implies there are m = dim, GF(q*) choices for u so that d E Fix(u). Once u is 
thus chosen, pick any f E GF(q)* and then faa-’ has a unique non-zero square root e 
in GF(q*). These m(q - 1) triples (a, e, f) are easily seen to satisfy (#), using 
d E Fix(a) and f /eq+l = (f /e2)4(9+1)‘2 and, conversely, any solution to (13) must be of 
this form. Thus o(G) = mq3(q - 1) when a # 0. 0 
COROLLARY 1. Let G be as in Theorem 1. Let I, be the unique tangent line to U,, at 
P,. Then the point orbits of G acting on JC = PG(2, q2) are {Pm}, U&\{P_,}, l,\{P,} and 
36\( u,, u 1,). 
PROOF. This follows as in [3], with E replaced by 6, the only difference being that G 
is now necessarily transitive on .~G\(U,~ U I,) since the characteristic of GF(q*) is 2, 
which yields a different cardinality for the stabilizer. 0 
COROLLARY 2. Let G be as above, and let Go = G n PGL(3, q*). Let S E Syl,(G,). 
Then o(S) = q3, S is non-abelian, and Go = SK J, where J is a cyclic subgroup. 
Moreover, 
o(J) = ( ;*cI1 
ifa=O, 
if a ZO. 
PROOF. The result follows as in [3], the only difference being that S is always 
non-abelian since b $ GF(q). cl 
One can say a little more about the group Go. For each c E GF(q*), let rj~= be the 
element of Go induced by 
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Similarly, for each t E GF(q), let & be the element of G,, induced by 
Then S = {~/J&J r: c E GF(q*), t E GF(q)} is a Sylow 2-subgroup of G,,. In fact, it is easy 
to see that VJ&, = @& and (Vlc,@I,)(~&z) = ~ll,,+,z~r,+r2+(h~~~~+~~=,~~,. Moreover  K =
(4~ r E GF(q)] is an elementary abelian 2-group of order q which is the center of S. It 
is now easy to show that the only involutions in S are the non-identity elements of K, 
and the q3 - q elements if S\K all have order 4. From this one can show that 5’ is 
special. Finally, if P,~ is the element of G,, induced by 
then the cyclic subgroup J of the above theorem is generated by pB or pH,, accordingly 
as a = 0 or a f 0, where /3 is a primitive element of GF(q’) and w = /Y+l is a primitive 
element of the subfield GF(q). 
COROLLARY 3. Let G be as above and assume a f 0. Then G = PTL(3, q’) n 
Aut(U,,): that is, every collineation of JC = PG(2, q’) leaving U,, invariant necessarily 
@es P,. 
PROOF. Follows exactly as in [3], except that one uses the even order Bilotti- 
Korchmaros result [4]. n 
4. PROJECTIVE EQUIVALENCE 
We next determine when two Uab’s are projectively equivalent: that is, if U,,, and 
ZJ,.,, are two even order BM-unitals, we decide when there exists some I/J E PTL(3, q’) 
such that q’: U,,-+ U,.,.. The techniques of [3], modified as in the discussion prior to 
Theorem 1 of the last section, show that such a II, exists iff a’ = a”?f and 
b’ = bV+‘f + u for some s E GF(q’)*, f E GF(q)*, u E GE(q) and o E Aut(GF(q”)). 
As a shorthand notation, we write (a, b) - (a’, b’) to denote that a, b, a’ and b’ are 
related as above. Thus U,, and U,,,,. are projectively equivalent iff (a, b) - (a’, b’). 
THEOREM 2. Write q = 2”, where n 2 2 is an integer. Then the number of projective& 
inequivalent BM-unitals of order q is 
where cp is the Euler phi function. 
PROOF. There is clearly one equivalence class when a = 0 (the classical case), and 
hence we assume a # 0. As in [3], we may assume without loss of generality that b = /I, 
where p is a primitive element of GF(q’). Then d =&l/(/34 + /3)’ E %,* = V&\(O). 
Conversely, given any d E %e,*, we can generate some non-classical U,, by choosing a to 
be any solution of x q+’ = d(B9 + fi)‘. Let (I i, a2 be any two such solutions. Now 
(a,, 6) - (a,P-2/3q+‘, pfl-‘q+“fiQ+‘) = (a#-‘. p), 
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where a,/?-* is another solution of x4-+’ = d(@’ + p)‘. By repeating this process, we 
see that (a,, /3) - (al, /?) and hence it suffices to determine the number of ‘inequiv- 
* alent’ d’s m %,,. 
Let d,, d, E %,* and let a,, a2 be solutions of x4+’ = d,(P” + p)’ and x4+ = 
d&P + /3)2, respectively. Arguments completely analogous to those found in [3] show 
that (aI, /3) - (a,, /3) iff d, = dz for some u E Aut(GF(q”)). This determines an 
equivalence relation on % z, and we let N denote the number of such equivalence 
classes. We have thus shown that the number of projectively inequivalent BM-unitals 
of order q is 1 + N. 
Let k be any positive divisor of IZ, and let Nk = ]{x E GF(2“)*: R(X) = 0 and x is 
contained in no smaller subfield of GF(q)}J. Of course, tr denotes the trace function of 
GF(q) over GF(2). Clearly, N = $ (N,lk). But 
n 
& -1 
2k - 1 
Nk’- 2k-I_ 1 
if nlk is even 
if n/k is odd 
= -1 + 2k-‘@ + &l)“‘k]. 
Applying Mobius inversion, we obtain 
Nk = c &‘){-1 + 2(k’k’)-1[5 + t(-l)“k”k]) 
k’lk 
= zk $(k’)[$ + ;(-l)“k”k]2k’k’ - 2 p(k’) 
k’lk 
and thus 
N = ($-k-k p(k’)[: + $(-l)“k”k]2k1k’) - 1. 
Fixing m = k/k’ as an arbitrary divisor of n, we see that the ‘coefficient’ of 2” in the 
above expression for N is 




COROLLARY 4. Zf q = 2p for some prime p, then the number of projectively 
inequivalent BM-unitals of order q is 2 if p = 2 and 1 + (2p-’ - 1)/p if p is odd. 
COROLLAPY 5. Asymptotically, the number of projectively inequivalent BM-unitals of 
even order q is B(qllog q). 
COROLLARY 6. All BM-unitals of even order are self -dual designs. 
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PROOF. This is clearly true when a = 0 (the classical case), so we may assume c( f 0. 
Let U,, be some even order BM-unital, and let U,$, denote the dual design (i.e. the 
points of U,‘, are the tangent lines to U,, and the blocks of Uih are the points of 
n\UQ,). Consider the point PO = (0, 0, 1) of Uuh, and use [, .] to denote the line 
co-ordinates in n. We claim that [0, 1, 0] is the tangent line to r/,,, at I’,,. If not, there 
would be some point of the form (x, 0, 1) in Uoh, where x E GF(q’)*. This would imply 
ax: + bxy+’ E GF(q) and hence ux’+ a9xzy = (b” 4 b)x4+‘, further implying that d = 
y2 +y where y = a/(bY + b)x”-’ and d = @+‘/(b’l + h)‘~ %‘;f. In turn. this forces 
h(y’+y) = tr(d) = 0, tr(y’) = tr(y) and thus y E GE’(q). Therefore u/x4-’ E GF(q), 
implying aYxZq = ux’ and (bY + b)x9+’ = ux’ + @x24 = 0, hence forcing the contradic- 
tion x = 0 since b $ GF(q). We have thus proven the claim that [O. 1.01 is tangent to 
K,, at (O,O, 1). 
Using Aut(U,,), we now see that the (unique) tangent line to U,, at (c, UC’ + 
bcY” + r, 1) is [(b9 + b)c9, 1, ac2 + b c q 9+’ + r]. (Of course, [0, 0, l] is the tangent line 
at P, = (0, 1, 0), as is easily seen.) Thus [s, 1, t] is tangent to Uuh iff s = (bq + h)c”. 
t = ac2 + bYcq+’ + r for some c E GF(q’) and some r E GF(q). These conditions on s 
and t are easily seen to be equivalent to uys’ + bYsY” + (bY + b)‘t E GE’(q). 
Therefore, interchanging second and third co-ordinates, we have now shown that 
U;, = UCh, where ti = a9/(bq + b)’ and 6 = b”/(bY + h)‘. Using the notation introduced 
at the beginning of this section. we see that (a, 6) -d (a“. h”) -- 
( 7 aYa2a -(9+‘) b9aY+‘a-(Y+‘) - ) - (a, bq) - (a, b” + (hY + h)) = (a, b), and thus /.I,$, = Uz,,,. 
cl 
5. ASSOCIATED CONFIGURATIONS 
In [3] we saw that certain BM-unitals of odd order contained tonics (in fact, 
constituted a partial pencil of tonics). This geometric property distinguished those 
BM-unitals from the other non-classical ones of odd order, and generated a slightly 
larger automorphism group for such unitals. However, no such phenomenon is possible 
in the even order case. 
THEOREM 3. Let Uoh denote any even order BM-unital. Then U,, contains no oval 
of n. 
PROOF. Suppose that U,, contains an oval 0. Since q is even, the q2 + 1 tangents to 0 
must be concurrent at some nucleus N of n. But the tangents to 0 are necessarily 
tangent to U,,. This then contradicts the fact that every point of 7~ lies on exactly one 
or q •t 1 tangents to U,,. 0 
It should be noted above that CJa,, might contain some oval of a Baer subplane of n. 
The possibility of O’Nan configurations in BM-unitals, however, remains the same for 
the even and odd order cases. Recall that an O’Nan configuration (see [15]) consists of 
four distinct lines meeting in six distinct points. 
LEMMA 3. Let Unb denote any even order BM-unital. Then Uah contains no @Nan 
configurations with P, = (0, 1, 0) as a vertex. 
PROOF. This follows exactly as in [3]. 0 
We now construct a 2-design from U,,, by ‘projecting’ along the blocks through P,, 
just as we did in [3]. Let ZJ,, denote any even order BM-unital. For each x E GF(q’), 
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let Z, = {Pm} U {(x, u.2 + bx y+’ + r 1): r E GF(q)} be the block of U,,, through P, 
‘co-ordinatized’ by x. If 1 is any block of U,,, not through PZ, let B(f) = {x E GF(q’): 
1 n 1, # 0}. Finally, let Q,, be the incidence structure the point set of which is GF($) 
and the blocks of which are the disfinct subsets B(I) as I varies over all blocks of UC,,, 
not passing through P,. 
THEOREM 4. Sz,, as defined above is a 2 - (q’, q + 1, q) design. 
PROOF. This follows exactly as in [3], using Lemma 3 above. q 
COROLLARY 7. S&, has the parameters of a point residual of an inversive plane. 
THEOREM 5. The triple {x,, x2, x3} of distinct points of !&, lies in some (in fact, a 
unique) block of !&, iff W = (x1 + x2, x1 + x3, x2 + x3) is a 2-dimensional vector space 
over GF(q). 
PROOF. The proof given in [3] works, with the following modification. When 
assuming that dim(W) = 1 and {x,, x2, x3} lies in some block of Q,, we obtain 
a”(xr + xz) 2q + a(x, +x~)~ f (b9 + b)(x, + x~)~+’ = 0 
as in [3]. Letting x = xl +x2, one then shows x = 0 as in the proof of Corollary 6 to 
Theorem 3 above. This yields the contradiction x, = x2, finishing the proof. cl 
COROLLARY 8. The 2-design Q,, can be completed to an inversive plane lab by 
adjoining the symbol 00 as a new point and adjoining the q2 + q lines of AG(2, q), 
extended by w, as new blocks, where AG(2, q) is represented in the usual way as the 
2-dimensional vector space GF(q2) over GF(q). 
THEOREM 6. The inversive plane Ioh constructed in the above corollary is miquelian. 
PROOF. Define C(a, b, s, t) = {x E GF(q’): ax2 + bx9” + sx + t E GF(q)} for any a, 
b, s, t E GF(q2). Expanding x, a, b, s and t in terms of the ordered basis (1, S} for 
GF(q’) over GF(q) as x =x, +x28, a = a, + a26, and so on, it is easy to see that 
C(a, b, s, t) is a conic in the associated affine plane AG(2, q) which is non-degenerate 
iff a9s2 + b9s9” + (bq + b)*t $ GF(q) ( see 19, p. 1441 for a degeneracy condition on 
tonics). Moreover, using computations similar to those in the proof of Lemma 2, such 
a non-degenerate conic is an ellipse in AG(2, q) iff d = ayf1/(b9 + b)2 E %,,. Hence our 
previous work (Lemma 2 and the proof of Corollary 6 to Theorem 2) shows that 
C(a, 6, s, t) is a non-degenerate ellipse in AG(2, q) iff [s, 1, t] is a block (not passing 
through P,) of the BM-unital U,,. Thus the blocks of the 2-design Sz,, are the 
non-degenerate ellipses in the set Mah = {C(a, b, s, t): s, t E GF(q’) and u9s2 + 
b9s9+’ + (b9 + b)2t $ GF(q)}, where again we do not repeat ellipses, and hence the 
inversive plane Iah of the preceding corollary is miquelian as in [3]. Cl 
6. CONCLUDING REMARKS 
Buekenhout’s parabolic method [7] can be used to generate a non-classical unital in 
PG(2, q2), q = 2” and n 2 3 odd, by forming the ovoidal cone of a Tits ovoid, as 
discussed in Section 2. We have not been able to apply the techniques used in this 
paper to such a unital, which we do not consider a BM-unital since the starting ovoid is 
not an elliptic quadric, because we have not found a ‘nice’ equation for it in terms of 
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the co-ordinates of PG(2, q2). We do not know if it is possible to have projectively 
inequivalent unitals arising from Tits ovoids, and we have not determined the full 
inherited collineation group of such unitals. It would be very interesting to know 
if Suzuki-Tits inversive planes can be generated by ‘projecting’ such unitals. as in 
Section 5. 
It is well known (see [ll, 151, for instance) that a unital embedded in PG(2, q2) is 
classical iff it admits an inherited linear collineation group isomorphic to PSU(3, q2). In 
[l] a group-theoretic characterization is given for those odd order BM-unitals which are 
unions of tonics. Based on the results found in [3] and in this paper, we make the 
following conjecture. 
CONJECTURE. Let q = pe 3 4 by any prime power.A unital embedded in PG(2, q’) is a 
BM-unital (possibly classical) ifi it admits an inherited linear collineation group that is 
the semi-direct product of a normal Sylow p-subgroup of order q3 by a cyclic subgroup 
of order q - 1. 
Of course, it is still unknown whether every unital in PG(2, q2) is obtainable from 
Buekenhout’s parabolic construction (and hence a BM-unital if q is odd). Moreover, it 
is not known if these unitals can be embedded (as designs) in non-desarguesian planes. 
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